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Abstract 

We introduce here the notion of Koszul duahty for monoids in the monoidal category of 
species with respect to the ordinary product. To each Koszul monoid we associate a class of 
Koszul algebras in the sense of Priddy, by taking the corresponding analytic functor. The 
operad s^m of rooted trees enriched with a monoid M was introduced by the author many 
years ago. One special case of that is the operad of ordinary rooted trees, called in the recent 
literature the permutative non associative operad. We prove here that is Koszul if and 
only if the corresponding monoid M is Koszul. In this way we obtain a wide family of Koszul 
operads, extending a recent result of Chapoton and Livernet, and providing an interesting 
link between Koszul duality for associative algebras and Koszul duality for operads. 

Dedicated to the memory of Pierre Leroux. 

1 Introduction 

The present paper is an overdue followup of the program initiated in [2T] and [23], some years 
before the introduction in [14j of the notion of Koszul duality for operads, and whose initial step 
in the above mentioned references we proceed to describe. Recall that a Joyal (set) species is 
a functor from the category B of finite sets and bijections, to the category T of finite sets and 
arbitrary functions. Let M be a (set) species. Denoting by |M[n]| the cardinal of the image by 
M of an arbitrary set of cardinal n, the exponential generating function of M is defined by 

M(x) = 5]|M[n]|^. (1) 

n>0 

The program intended to overcome a gap in the theory of species as originally introduced 
by Joyal in [T7]. That was the lack of a combinatorial interpretation for the formal power series 
with possible negative coefficients. Even though this task could be performed by means of the 
formal differences between ordinary species (virtual species) [16], the problem of finding the 
inverses by the process of sieving known as Mobius inversion on a partially ordered set [29] was 



1 



open by then. The term inverse means here inverse with respect to each one of the usual binary 
operations between species: sum, product, and substitution. The motivation for this approach 
was that many combinatorial identities come in pairs. The two identities belonging to a pair are 
usually said to be inverses to each other, because one comes from the other by Mobius inversion 
on a partially ordered set (e.g., identities involving many families of polynomials of binomial 
type and their umbral inverses [231 [22l [28] ) . 

A Mobius species is defined as a functor from the category of finite sets and bijections to the 
category of finite disjoint union of finite partially ordered sets with unique maxima and minima. 
All the main features of Joyal's set species are extended to this context; the generating function 
of a Mobius species is computed by replacing the cardinality of a finite set by the evaluation of 
the Mobius function on partially ordered sets. In this way, generating functions having negative 
coefficients are allowed. To define Mobius inverses for ordinary Joyal set species, the concept we 
had to introduce was that of left-cancellative monoid (c-monoid) in the context of certain kinds 
of monoidal categories. We studied three instances of such monoidal categories on species, one 
for each of the aforementioned operations. In order to construct the inverse of a given species 
with respect to an operation one has to presuppose a c-monoidal structure on it. For example, if 
a given set species M is a c-monoid in the monoidal category related to the operation of product, 
we can define a Mobius species whose Mobius generating function is the inverse with respect 
to the product of formal power series of the generating function of M. A similar procedure can 
be applied to the operations of sum and substitution in order to define the Mobius inverses with 
respect to each of these operations. A c-monoid in the monoidal category of set species with 
respect to the operation of substitution is a cancellative set operad (c-operad from now on). In 
this way we introduced there many c-operads and their associated families of partially ordered 
sets, some of them rediscovered in the more recent literature. For example: the c-operad of 
pointed sets E* that induces the poset of pointed partitions ([23] example 3.13.), studied in [8] 
(the permutative operad). We also introduced the c-operad of M-enriched rooted trees £/m, M 
being a c-monoid with respect to the product (see [2T] section 5. and ^23j section 3). When M 
is the species of sets E, s^e = ^ is the permutative non-associative operad [25]. We proved 
by bijective methods that the Mobius species =2^^^ ^'^ (substitutional inverse of s^m) and XM^^ 
have the same Mobius valuation. In this way we related the substitutional Mobius inverse of 
s^M with the multiplicative Mobius inverse of M, prefiguring the main result of this paper (see 
theorem [8]). This result has an intimate connection with the Lagrange inversion formula and the 
combinatorial proof given by G. Labelle [37]. Its corollary (corollary [6]) extends a recent result 
of Chapoton and Livernet [9]. 

The following natural step in this program is to extend this procedure of inversion from set to 
tensor species [16]. Koszul duality for operads can be seen as a way of doing that for the operation 
of substitution. The Mobius function is the Euler characteristic of the complex associated to 
the chains in a partially ordered set [MIH]. As a matter of fact B. Vallette rediscovered recently 
the construction of posets from c-operads [38] and proved that a quadratic c-operad is Koszul 
if and only if all the posets in the associated inverse Mobius species are Cohen-Macaulay. In 
this vein, we introduce here the notion of Koszul duality for quadratic monoids with respect 
to the product of species, and prove an analogous result for quadratic c-monoids (see theorem 
[3|). Given a Koszul monoid, we obtain a family of Koszul algebras in the sense of Priddy [27j . 
by taking the corresponding analytic functor. By the Schur correspondence we can go back 
in this construction. In this way we can translate many classical results about Koszul duality 
for associative algebras to this context. However, the present approach has the advantage of 
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embodying Koszul duality for associative algebras into the realm of representation theory of the 
symmetric groups and symmetric functions. 

In a forthcoming paper we shall explore the connections with Hopf algebras induced by Hopf 
monoids as in [Ij and with the antipode of incidence Hopf algebras induced by c-operads as in 

m- 

As a conclusion we can say that from the point of view of a combinatorialist, Koszul du- 
ality, for operads or for product monoids, is a sophisticated method of defining the inverses of 
some 'good' generating functions. An inversion procedure that goes deeper from the generating 
function, into the structure of the algebraic and combinatorial objects that it enumerates. For 
example, Andre's generating function for alternating permutations of even length (sec(3;)) [2] is 
obtained here as the (dimension) generating function of the Koszul dual of a c-monoid intro- 
duced in [21] . The generating function for alternating permutations of odd length (tan(x)) is 
associated in the same way to the Koszul dual of a module on this c-monoid. Moreover this 
construction gives, by means of the orthogonal relations of Koszul duality, the ribbon repre- 
sentations of the symmetric groups studied in [12j, and in [11], Thm. 6.1. (see also the recent 
paper of Stanley (3^). These generating functions as well as the character generating functions 
given in [6], are instances of the inversion formulas associated to Koszul duality (proposition 
[3]) . The same procedure is applied here to the combinatorial interpretation of the inverse of the 
Bessel function Jo(2x) given in [7j. Many other classical and new enumerative formulas can be 
obtained by the same technique. 



2 Set, tensor, g-tensor, and dg-tensor species 

Let K be a field of characteristic zero. Let Vcck be the category whose objects are vector spaces 
over ]K and linear transformations as morphisms. Denote by gVecj^ the category whose objects 
are graded vector spaces V' = ©jg^ and morphisms are linear maps preserving the grading. 
gVecjg is a symmetric monoidal category with respect to the tensor product of graded vector 
spaces 

(yovF-)"= V'^WK (2) 

i+j=n 

The symmetry isomorphism is given by 

V^W^ (_l)deg(^)deg(^)^ ^ ^_ (3) 

Denote by dgVecjj the category of differential graded vector spaces, or complex over K. The 
objects of dgVecg are pairs {V',d) where V' is a graded vector space, and d : V' ^ V' is a 
linear map of degree 1 satisfying = 0. The tensor product {V', di) (W', ^2) is defined to be 
{V' (8> W\ d), where V' (g) W' is as in equation ^ and d is given by 

d{v w) = di{v) (S) w + (-l)'i<=s(^)t> (g) d2{w). (4) 

The direct sum of objects in the categories gVec^ and dgVecj^ is defined in a trivial way. The 
cohomologies of a dg-vector space {V',d), WiV'^d) = Kerd^/Imd*"^, i defines a functor 

: dgVecK ^ gVecK, H{V,d) := ®,^^W{V;d). (5) 

It preserves tensor products: 

H{{V\ di) ® {W, d2)) = H{V, di) H{W, da) (6) 
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Denote by T the category whose objects are finite sets and whose morphisms arbitrary 
functions. Let B be the groupoid subjacent in T ^ the objects of B are finite sets and the 
morphisms are bijective functions. 

Definition 1. When clear from the context, the common term 'species' will designate a covariant 
functor from B to V, where V is either of the categories T ^ Vcck, gVec^, or dgVecg. Specifically, 
we shall call M : B ^ V a set, tensor, g-tensor, or a dg-tensor species if its codomain category 
V is respectively JF, Vcck, gVecg, or dgVec^. 

For a species F, we denote by F\U\ the image under F of the finite set U in the corresponding 
category. In this article we only deal with finite dimensional (tensor, g-tensor, and dg-tensor) 
species, i.e., species where F\U\ is a finite dimensional vector space for every JJ in B. Similarly, 
for a bijection between finite sets a :U ^ V ^ F\a\ will denote the corresponding isomorphism 
F\a\ : -F[C/] — -F'i^]. A morphism a : F ^ G between two species of the same kind, is a 
natural transformation between F and G as functors. Two isomorphic species F and G will be 
considered as equal and we write F = G. Unless otherwise stated, for k > 0, Ff^ will denote 
the subspecies of F concentrated on sets of cardinality k. The truncated species Sj>fc Fj will 
be denoted by We also denote the species F truncated in 1, Fi+, by F+. By a standard 
construction, a tensor species T is equivalent to a sequence {r[n]}J^Q of representations of the 
symmetric groups (see [E]). Let fi and A be two partitions such that ^ Q X. We denote by Sx/^ 
the Specht representation corresponding to the skew shape X/fi, as well as its corresponding 
tensor species. 

Given a set species M, we can construct a tensor species by composing with the functor / 
(linear span), that goes from to Vccr, and sends each finite set S to K- S, the free K- vector 
space generated by S. The category Vcck can be thought of as subcategory of gVecjj or of 
dgVecjj, by considering a vector space as a graded vector space concentrated in degree zero in 
the first case, or as a trivial complex concentrated in degree zero in the second case. Similarly, 
the category gVecjj is naturally imbedded into dgVecR by providing a graded vector space with 
the zero differential. Then, a tensor species can be thought of either as a g-tensor species or as 
a dg-tensor species, and a g-tensor species as a dg-tensor species. In other words, we have the 
following category imbeddings 

C Yecl C gVec^ C dgVec^. (7) 

In this article we frequently denote the classical set species and their corresponding tensor, 
g-tensor, and dg-tensor species with the same symbol. 
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2.1 Operations on species 

Definition 2. Let F and G be two species of the same kind. We define tiie operations of sum, 
product, Hadamard product, substitution and derivative, 

{F + G)[U] := F[U]®G[U] (8) 

{F-G)[U] := F[U,](^G[U2] (9) 
!7itt)r/2=(7 

{FQG)[U] := F[U]®G[U] (10) 

FiG)[U] = iFoG)[U] := ((S)G[B]UF[n] (11) 

7ren[i/] VfieTT / 

F[UlS{*}], (12) 

F[C/W{*i,*2,...,*fe}] (13) 

K-U^F[U]. (14) 



D''F[U] 
F'[U] 



witii {*} standing for any one-element set, and {*i,*2; ■ ■ ■ ,*k} for any /c-element set. 

A family of species -Fj, i G I, is said to be sumable if for every finite set U, Fi[U] = for almost 

every i £ L We can then define the sum J2iei 

This definitions are valid for all the kinds of species studied here, the tensor product has 
to be interpreted in the corresponding category. In the case of set species, tensor product has 
to be interpreted as cartesian product, and direct sum as disjoint union. In the substitution 
(equation (fTTI) ). I\.\U] is the set of partitions of the set U , and we require that G[0] = 0. The 
tensor product over the blocks of a partition in the right hand side of it has to be interpreted as 
an unordered tensor product in the corresponding monoidal category. Because all the monoidal 
categories in consideration are symmetric, unordered tensor products have a precise meaning in 
each context as coinvariants under the action of the symmetric group: 

®Vr.= { V,,(^Vi,®...vA , (16) 

where the direct sum is taken over all the total orderings of the set /. 

A g-tensor species could be thought of as a summable family of tensor species {F—\k G Z}. 
We usually denote it with the symbol F-, F- = X^^^z F-. In the same vein, a dg-tensor species 
could be thought of as a summable family as above, plus a family of natural transformations 
d = {dk}kei^ dk ■ F- — > /c € Z, such that dfc+i ° d^ = 0, for every A; G Z. 

Definition 3. Dual species. Let F be a tensor species. The dual F* of F is defined by 

F*[U] = (F[C/])*, for every finite set [/, (17) 
F*[f]h = ho F[f-'^], for every bijection f : U ^ V and every h G F*[U]. (18) 

For a g-tensor species F-, the dual g-species (F-)* is obtained by dualizing each component 
and reversing the grading: (F^)* - := (F— )*, A; G Z. For a dg-tensor species {F^,d), its dual is 
defined to be {{F^)*,d*), where dl is the adjoint of d-k-i, k e Z. 
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Example 1. Recall that the species 1 (empty set indicator), and X (singleton species), are 
defined as follows 



l[f/l= if is the empty se. ((/ if |f/| = 1 ^^^^ 

I otherwise I otherwise. 

Observe that 1 and X are respectively the identities for the operations of product and substi- 
tution. We have that \ ■ F = F ■ 1 = F for every species F, and F[X) = X{F) = F for every 
species such that F[0] =0 

For a tensor species F, the following two generating functions are defined: the generating 
function of the dimensions and the Frobenius character (see [THj ) , 



Fix) = X;dim(F[n])^, (20) 
n=0 

oo / X 

ChF(x) = ^^trF[a]Pf^. (21) 

n=0 a\-n ° 

In the right hand side of equation (j2ip we use Macdonald's notation for the power sum symmetric 
function (see [E]), as in the rest of this article when dealing with symmetric functions. When 
restricted to set species, we get the exponential generating function of the cardinals |F[n]| in the 
first case, and the cycle index series Zf{pi,P2, . . . ) in the second case. These definitions are easily 
extended to g and dg-tensor species, by taking respectively the Euler-Poincare characteristic 
and the alternating sum of traces 

xiFHn]) = E.,z(-l)MimF^N, trFl[a] := E.ez(-l)*trF^H (22) 
instead of dimF[n], and of trF[a]. More explicitly, we have 

F^x) = ^(-l)'=F^(x) (23) 

ChF^(x) = ^(-l)'=ChF^(x). (24) 
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The operations of above are preserved by taking generating functions; 



[r + Lr)[X) 


— t {X) + Ljr{X) 












— r (x)Lt[x) 






pi, p/'vA nv,/^f^\ 

— K^Lir (^xj • i^nLri^xj 




[F G){xj 


7-?/ \ ^ /^/ \ 

= F(a;)0G(x) 


(29) 


Ch(F0G)(x) 


= ChF(x) ChG(x) 


(30) 


F{G){x) 


= HGix)) 


(31) 


ChF(G)(x) 


= ChF(x) * ChG(x) 


(32) 


DF{x) 


= F'{x) 


(33) 


ChDF(x) 


aChF(x) 


(34) 


F'{x) 


= xF'{x) 


(35) 


ChF*(x) 


, ,9ChF(x) 


(36) 



In the right hand side of equations (j29|) . and (|30|) . means respectively Hadamard product 
of formal power series and internal product of symmetric functions. In the right hand side of 
equation (|32p. * means plethysm of symmetric functions. 

Example 2. The set species 1 and X have as generating functions l(x) = 1, Chl(x) = 1, 
X[x) = X, and ChX(x) = pi{x). The set species E (exponential, or uniform species), and the 
species L of totally ordered sets, are defined as follows. 



E[U] = {U}, 

L,[U] = {l\l : [n] U, where n = \U\ and / being a bijection}, for every U € 
It is clear that the family X^, > 0, is summable and that 



L 



k>0 



(37) 
(38) 



(39) 



Their generating functions are: 

E{x) = e", 

L(X) : 



oo oo ^ 

Chi?(x) = ^/i„(x) = nY3: 



n=0 



n=l 



1 



ChL(x) 



1 



Example 3. The tensor species A, defined by 
has as generating functions 



1 -pi(x) 



Eoo 
n=l 



A(x) = e^, and ChA(x) = ^ efc(x) = JJ (1 + 



(40) 
(41) 

(42) 
(43) 



fc=0 



n=l 
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Definition 4. The functor Ti. Let F be a dg-tensor species. Let TiF = H o F he the g-tensor 
species defined as the functorial composition of the cohomology functor H with F. Ti. is a functor 
from the category dgVecjj* of dg-tensor species, to the category gVecj^'^ of g-tensor species. 

It is not difficult to check, since H preserves tensor products (equation ([U])), that 7i preserves 
all the operations in definition [2j 



n{F + G)=nF + HG, n{F ■G) = nF ■ t-cg, 
n{FQG) =nFQnG, h{f{g)) =nF{nG). 



(44) 



Because of the identities 

x{Fi-[n]) =x{H{Fi-[n])), and iiFi-[a] = ivHFi-[a], (45) 
the generating functions ([20]) . and ([2T]) are also preserved by "H, 

nM{x) = M{x), ChHM(x) = ChM(x). (46) 

3 Additive, multiplicative and substitutional inverses 

Denote by s"^, m G Z, the shift endofunctor of the category dgVecjj; s™' : dgVecjj — > dgVec^ 
defined by {s"^{V')y = s"^{dY.) = (— l)'"d\/. . The shift can also be defined (by restriction) 

as an endofunctor of gVecjj. 

Definition 5. Additive Inverses. Let F be a species of any kind. F can be always thought of 
as a dg-tensor species or as a g-tensor species. There are two kinds of 'additive inverses' of F. 

:= s-^oF (47) 
-F := s^ oF (48) 

Clearly, (-F)(x) = -F{x) = {-F){x) and Ch('-F)(x) = Ch(-F)(x) = -ChF(x). There are 
two other interesting ways of shifting F. Define F^ and F~^ as follows, 

oo 

F- := J^s-'^oFfc, (49) 

k=0 

oo 

:= J^s^oFk. (50) 



k=0 



Proposition 1. We have the identities, 



F{-X) = A^QF, (51) 
F{^X) = A-^QF. (52) 

Proof. Let us prove equation (I51|] . the proof of ()52p is similar. By the definition of substitution 
we have that 

F{-X)[U] = ((g)(-X)[{6}] J ®F[U] = l(^s-'K-{b}] ^F[U] = [s'^^'^Ap]) ®F[[/]. (53) 
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The last step because we have the isomorphism (see |14) lemma (3.2.9)) 

(g) s-W- = s-l-'l I (g) 1^/ I A[J]. (54) 

□ 

Their generating functions are: 

oo 

F{-X){x) = F{-X){x) = Y,i-^)'Fk{x) = F{-x) (55) 

fc=0 

oo oo 

ChF(^X)(x) = ChF(-X)(x) = ^(-l)'=ChF,,(x) efc(x) = ChF(-x) ^ efc(x). (56) 

k=0 k=0 

Example 4. Koszul Complexes. We have the identities 

E{^X) = Kr QE = K^, E{--X) = A-^ Q E = A-^. (57) 

Let P = ^X + X and Q = ^X + X he the dg-tensor species with differential : X = P— 
P- = X (resp. : X = Q- —>■ Q- = X) in each case the trivial isomorphism and zero for 
k —1 (respectively k ^ 0). As g-tensor species E{P) and E{Q) are respectively equal to 

E{^X + X) = E{^X) ■ E = A^ ■ E, (58) 
E{--X + X) = E ■ E{-X) = E ■ A-^. (59) 

As dg-tensor species, the differentials that comes from P and Q by using the definition of 
substitution of species are easily seen to be: 

dk:{{A-)^-E)[U] ^ ((A-)^.i^)[C/], A; = -|C/|,...,0 (60) 

k 

(ifc(ai A • • • A afc C/2) = ^(-l)*~^ai A • • • A Oj A • • • A f/2 U {oj} (61) 

i=l 

d',:{E.{A-)^)[U] ^ {E.{A-f-^)[U],k = Q,...,\U\ (62) 
(i^(?7i ai A 02 A ■ ■ ■ A afc) = ^ ([/i - {a}) a A oi A 02 A • • • A Ofc (63) 

By equation 01 nE{^X + X) = nE{--X + X) = E{0) = 1. 

Let F be of the form F = 1 + F^ . The inverse of its generating function is 

F{x)-^ = (1 + F+ix)y^ = 1 - F+{x) + F+{xf = L(-F+(x)). (64) 

This motivates the following definition. 

Definition 6. Multiplicative Inverses. Let F be as above. We define two 'multiplicative inverses' 
of F, 

:= L(-F+), (65) 
F^^ := L(-F+). (66) 
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Figure 1: Graphical representation of the substitutional inverse 



Obviously, 

F^^{x) = F^^{x) = F{x)-^ (67) 

oo 

ChF^^(x) = ChF^i(x) = ^(-l)'=(ChF+(x))'= = (ChF(x))-i . (68) 

fc=0 

Denote by ^ the set species of commutative Schroder trees, or generalized commutative 
parenthesizations. It satisfies the implicit equation 

^ = X + E2+{^). (69) 

The structures of ^[U] are rooted trees whose leaves are labelled with the elements of U, 
and whose internal vertices, each one with at least two sons, are unlabelled. More generally, let 
G be a species of the form G = X + G2+ ■ The species of G-enriched Schroder trees (see for 
example [10^ I17j) is the solution (fixed point) of the implicit equation 

^g = X + G2+{^g). (70) 

is the free operad generated by G. This kind of structures should be called Hipparchus 
trees, who computed in the second century B.C. the number of composed propositions out of 10 
simple propositions (see [33] p. 213, and [35]). In modern combinatorial language, the number 
of generalized non-commutative parenthesizations (or bracketings) using 10 undistinguishable 
symbols. In our notation: [10]|/10!. 

Let us introduce some notation in order to give an explicit description of the object ^g[U], 
for a finite set U. For a tree t € =^[17], we denote by Iv(t) the set of internal vertices of t. For a 
vertex v G Iv(f) denote by the subtree of t having f as a root and as vertices all de descendants 
of V in t. Let be the set of leaves of ty. We shall identify the internal (unlabelled) vertex 
V with Uy. The set Uy will be used as a label for v. In the same way we identify Iv(t) with 
the set {Uy\v £ lv{t)}. Let {vi,V2, ■ ■ ■ ,Wfc} be the set of sons of v in t. We denote by 7r„ the 
partition {Uy- |z = 1, 2, . . . , fc} of the set Uy of leaves of ty, generated by the leaves of the set of 
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trees {t^. \i = 1,2, . . . ,k} attached to v. Consistently, we identify the partition vr^ with the set 
of sons of V. The object ^g[U] is exphcitly given by the formula 

^g[C/]= (g) G2+M. (71) 

has a natural grading = Xlfclo "^here = X and for /c > 1, is the species of 
the G-enriched Shroder trees with exactly k internal vertices. 

From equation (|70p. the generating function ^q{x) is the solution of the implicit equation 

^g(x) = x + G2+(^g(x)). (72) 

Then, we have that 

^g(x)-G2+(^g(x))=x, (73) 

and equivalently, that the substitutional inverse (x — G>2(a;))^^-'^^ of {x — G2+{x)), is ^g{x)- 
Similarly, the Frobenius character, Ch^G'(x) is the plethystic inverse of (pi(x) — ChG2+(x)); 

Ch^G(x) = (r(x) - ChG2+(x) )<-!). (74) 

This motivates the following definition. 

Definition 7. Substitutional Inverse. Let G be a species as above. We define two 'substitutional 
inverses' of G, 

G<-i) := ^^G, (75) 
:= ^^G- (76) 

G<-i>(x), (77) 
(ChG(x))<-i). (78) 
4 Monoidal categories on species 

The category V'^ is monoidal with respect to the product of species, having 1 as identity object. 
A monoid in (V'^, • , 1) is a species M together with morphisms u : M ■ M ^ M and e : 1 — > M, 
satisfying the associative and unity properties (see [20] for the general definition of monoidal 
categories and of a monoid in a monoidal category). In this article we only consider monoids of 
the form M = 1 + M+. Observe that in that case the morphism e : 1 ^ M is unique. Then, its 
monoidal structure is completely determined by giving the morphism v : M ■ M ^ M satisfying 
the associative and identity properties: for every finite set U 

u{u{mui ^mui) ®mu-i) = v{mui (g) ^{mu^ ^rnus)), '^Ui <X> ® "if/a G {M.M.M)[U], (79) 
and, 

v{e®m) = iy{m^e) = m , egm G {Mi-M)[U] = {l-M)[U], m®e G {M ■ Mi)[U] = {M-l)[U]. 

(80) 



It is easy to prove that 

G<^i)(x) = G^-^^\x) = 

and that 

ChG<^i>(x) = ChG<^i>(x) = 
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Given a monoid (M, u), a species N is called a (right) M- module if there exists a right action 
r : N.M M, oi M oil N that satisfies the pseudoassociative and identity properties: for every 
finite set U we have 

r{T{nui ^ rnui) ® mua) = T{nui i^{mu2 ® f^Uz))-, «c/i ® G (A^.M.M)[[/], (81) 

and, 

T(n ® e) = n , for n (g) e e (A^ • Mi)[;7] = (iV • 1)[;7]. (82) 

In a standard way we define the dual notions of comonoid an comodule with respect to a 
comonoid. 

Let us denote by Vf the category of species F satisfying F[%] = 0. Vf is a monoidal category 
with respect to the substitution of species and having X as identity object. 

An operad {ff,r],e) is defined to be a monoid in the monoidal category (y^,X,o). Equiva- 
lently, 77 : ^(^) — > ^ and e: X ^ G are morphisms in (natural transformations) that satisfy 
the associativity and identity properties. G will be called a sct-operad when V = T . Similarly, 
G will be called an operad, a g-operad or a dg-operad if the category V is respectively VecK, 
gVecjK or dgVec^. 

We only consider here operads of the form G = X -\- G2+1 whose structure is completely 
determined by giving the morphism r] : G'{ff) — > ff. 

4.1 Koszul duality for quadratic monoids and modules 

Definition 8. Quadratic Monoids. Let F be a tensor species such that F[0] = 0. The species 

L(F) = 1 + F + F'^ + ... 

is the free monoid generated by F. Let R be a subspecies of F^ and let TZm = {R) be the 
monoid ideal generated by R in IL(F). Explicitly 

00 

nM = Y,ni, (83) 

fe=0 

where 

k-2 

7^|^ = ^ F^RF^-'^-' C F^. (84) 

1=0 

The monoid M = L(F)/7^M = 1+ F + F'^/R + F^/TZjj + will be called the quadratic 
monoid with generators in F, quadratic relations in Rm, and denoted by M = Ai{F, R). There 
is a natural grading on the monoid M, the corresponding graded monoid will be denoted by 

Mi, = F^/n\^. 

Definition 9. Quadratic M -modules. Let M be a quadratic monoid as above and G an arbitrary 
tensor species. The species 

G ■ L(F) = G + G F + G-F'^ + ... 

is the free (right) L(F)-module generated by G. Let Rn C G.F be a subspecies of G.F, and 
T^M,N the submodule generated in G ■ ^{F) by TZm and Rn; 

00 

^M,jV = y^^M.jy; (85) 
fe=0 



12 



where 



= OCG, (86) 
T^-MN = Rn^G-F, (87) 



k-2 

n\j^^ = Rn ■ F^-^ + F'RmF''-^-' ■G+<^G-F^,k>2. (88) 

1=0 

The M-module 

N = (L(F) • G) /nM,N = G+{F- G)/Rn + {F^ ■ G)/7^|^^^ + . . . (89) 

will be called the quadratic M-module generated by G with relations in Rn, and denoted by 

N = ^m{G,Rn). (90) 

N has a natural grading, the corresponding M^graded module will be denoted by N^, 

N^:={G-F'^)/ni,, (fc = 0,1,2,...). (91) 

Definition 10. Quadratic duality. Let M = A4{F,Rm) be a quadratic monoid. Define the 
quadratic dual of M by 

M'-:=M{F*,Ri,), (92) 

where Rj^ is the annihilator of Rm in (F^)* = (F*)^. Let N = ^m{G,Rn) be a quadratic 
M-module. The quadratic dual of N is the M' -module defined by 

=^M<..{G*,Rj;,), (93) 

where Rjf is the annihilator of Rn in {F ■ G)* = F* -G*. The dual M'- := (M' )* is a comonoid. 
Similarly, for a quadratic M-module N, A/"'- := (N^--)* is an M'-comodule. 

Observe that the species of relations Rm and Rn are respectively the kernels of 

1,1. p .p ^ M^, and : G • F ^ NK 

Then, the orthogonal relations are respectively the images of {f-)* and (r-)*. 

Example 5. L is a quadratic monoid, i/ : L • L ^ L being the concatenation of linear orders. 

L = M(X,0), then iJ- = M{X*,{X*f ) = L(X*)/((X*)2) = l + X*. 

Example 6. The species F is a monoid. There is a unique natural transformation v : E-E ^ E 
sending each product U\®U2 ^ {E ■ E)\U], to i/i l±l C/2 = U. {E, v) is quadratic, E = M{X, Re), 
where 

RE[{a,b}]=K{a0b-b^a} C X^ \{a, 6}] . (94) 

= ]K{a* (g) + (g) a*}, and clearly its quadratic dual is A*. Its monoidal structure given 
by j^' : A* • A* ^ A*, v' being the concatenation of wedge monomials. 

Consider the species Ej+, for a fixed integer j, j > 1. Ej+ is an F-module, r : Ej+ ■ E —>■ Ej+ 
being the restriction of u. Similarly, the species Aj+ is a A-module, with r' : Aj+ ■ A — Aj+ 
being the restriction of u'. 

We have the following proposition. 
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bTc d 



+ 



310 + 033+0 

o Idj 



= 



Figure 2: Garnir relation on 5(3 i) [{a, 6, c, d}]. 



Proposition 2. For every j > 1 we have that Ej+ is a quadratic E'-module whose dual (a 
A*-module) is isomorphic to the following sum of Specht representations with hook shapes, 



4+ - ^^UA")- 



(95) 



fc>0 



Moreover, (-E.+ )- = S^^iky In a similar way, Aj+ is a quadratic A-module. Its dual (an E*- 
module) is isopmorphic to a sum of Specht representations with hook shapes, as follows 



k>0 



(96) 



(A'.+ )- being isomorphic to 5, 



Proof. The generator of Ej+ is obviously the species Ej. Let U he a set of cardinal j + 1. By 
the definition of product of tensor species, {Ej ■ X)[U] is the vector space with basis 

{{U - {a}) a\a G U}. 

Since t-{{U — {a}) ® a) = U — {a} U {a} = U, for every a & U, R-k [U] is the one-dimensional 
vector space generated by 

Y^iU - {a})* ® a* . (97) 

The consequence of relation (|97|) is the Garnir element of a (dual) Specht module of shape {j, 1). 
The figure [2] is a tableau form of the consequences of equation ([971) fo^' J = 3 and U = {a, b, c, d}. 



Then, {E,Xy/R^ 



For a set f7, |f7| = k+j, {Ej -X )[U] is the vector space generated 



by vectors of the form U2 0l, where I = {ui,U2, . . . , n^) is a linear order of length k over a set 
U2, \U2\ = k, Ui is a set of cardinal j and C/i tt) C/2 = Recall that TZ^ = IZa* is the species of 
anticommuting relations. The space of relations 7^^, ^, [U] is generated by 

(^^1, • • .,Ui,Ui+i, . . .,Uk)* + U2 (8) (ni, . . .,Ui+i,Ui, . . . ,iife)*, i = 1, 2 . . . , A; - 1 (98) 
U^^iui,...,Uk)* + Y{U2U{ui}-{u})* ^{u,U2,...,Uk)* (99) 



u€U2 



It is not difficult to see that {Ej ■ X'')*[U]/{n' 



A*E': 



[U]) is isomorphic to the Specht module 



of hook shape (j, 1 ). Equivalently, {Ej+)- is isomorphic to >5(j,ifc) 
Equation (j96p is proved in a similar way. 



□ 
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4.2 Bar and Cobar constructions 

Let M = M{F, R) be a quadratic monoid. Let be the associated graded monoid. Consider 
the free g-comonoid generated by ^(M^) 

BaiiM) := L(-m|) = {Ml)^\ (100) 

For a quadratic M-module = ^m{G-,Rn) and NS- its associated graded M^module, define 
the g-species Bbi{M, N) by 

Sar(M, N) := Ni- ■ L(-m|) = m{Ml)^\ (101) 

From equations (jlOOp and (jlOip we get 

Bai{M)^ = £ I 5^ Afi^M^^ . . . Mf I , A; > 0, (102) 

'^=1 \Ji+i2H hjr=fc+r y 

and 

Bar(M, N)^ = f2\ Ni^uf . . . Mf ) , > 0. (103) 

'■=1 \n+n+---+ir+jr+i=k+r J 

Hence ^ar(M)^ = L(F) and ;Bar(M, A^)^ = G ■ L(F). 

We now transform Sar(M) and Sar(M, N) into dg-tensor species, by providing them with 
differentials. For a fixed finite set U let us define djj : Bsi{M)[U] — > Bai{M)[U] and : 
Bai{M, N) Bav{M, N) by 

r-l 

du{mi m2 (E> • • • iXi m^) = ^(— l)*^"^mi (g) m2 iX) • • • (8) i^{mi (8) mj+i) • • • (g) (104) 

i=l 

d-u {ni (8) m2 (8) ■ ■ ■ tX" ""i-r+i) = T(ni (g) ^2) (g • • • g) m^+i — ni (g) djj{m2 g) • • • (g) m^+i), (105) 

where mi g) m2 (g ■ ■ ■ (g) m^, is a generic decomposable element of Bar{M)-[U] for some A: > 0, 
and similarly with respect to rii (g) m2 (g) ■ ■ ■ (g mj.+i. 

The cobar dg-tensor species Cob(M) and Cob(M, N) are defined to be respectively the dual of 
Bar(M) and Bai{M,N); 

Cob(M) = Bar{My = (L(-(M^)*), d*) = (((M^)*)"'\ d*) (106) 

Cob(M, iV) = BaiiM, N)* = {{Niy • L(-(M^)*), (d^)*) = ((iV^)*(.(^9)*)-i^ (^iV)*) (107) 

The generating functions of Sar(M), Sar(M,A^), Cob(M) and Cob(M, iV) are 

ear(M)(a;) = Cob(M)(a;) = {Ml{x)y^ (108) 
ChCob(M)(x) = Ch^ar(M)(x) = (ChMi(x))~^ (109) 

BaT{M,N){x) = Coh{M,N){x) = ^^„[^\ (HO) 



M£(x) 

Chi3ar(M,iV)(x) = ChCob(M,iV)(x) = (m) 
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From equation Cob(M)^ = En>2 E^=o^(^*)*(^-)*(^*)""*"^ and Cob(M)^ = 

L(F*). From that, the image of is equal to 

n-2 n-2 
n>2 j=0 n>2 i=0 

(112) 

and we have H^{Coh{M)) = 'L{F*)/{R-^) = M". In a similar way, for N as above, we get 
H^{Coh{M,N)) = N--. By duality we have H^{B&t{M)) = (M'-)* = H^{B&i{M,N)) = 

Observe that the bar and cobar complexes are the sum of subcomplexes 
B&r{M) = ^^arW(M), B&i{M,N) = J^Bar^'^HM, N), 

k k 

Cob(M) = ^Cob('=)(M), Cob(M, A^) = ^ Cob('=)(M, A^). 

k k 

For example, the vectors in 0ar*^'^''(M) (respectively Bai^^\M, N)) are those of degree k before 
the shifting: 

k-2 

^ f'' ^Y^F'M^F''-'-^ S ■■■ S m!^^0, (113) 

k-2 

^ G • ^ iVi^'^-i + ^ G . ^ • • • 4 AT^ ^ 0. (114) 

1=0 

Clearly H'^Bav^^^M) = (Mi-)^ and H°Bav^^\M,N) = {N''-)K 

Definition 11. Koszul Monoids and modules. A quadratic monoid M is said to be Koszul if 
H\B&v{M)) = 0, i > 0, (equivalents, if H\Coh{M)) = 0, i < 0). In other words, if the 
g-tensor species 7iBai{M) and 7^Cob(M) are both concentrated in degree zero. For a Koszul 
monoid M, a quadratic M-module A'^ is said to be Koszul if 7iBar(M, N) is concentrated in 
degree zero (equivalently, if 'HCob(M, A^) is concentrated in degree zero). 
Proposition 3. Let M be a Koszul monoid and A'^ a Koszul M-module. Then 

M'-(x) = (M^(x))-i (115) 
ChM'-(x) = (ChM9(x))-i (116) 

Proof. The result follows from equations (|1U8|) - (|111|) . and □ 

The previous proposition gives the following necessary conditions for a quadratic monoid to 
be Koszul. 

Proposition 4. Let M be a quadratic monoid. If M is Koszul then the coefficients of the 
exponential generating function (M^(x))~^ are non-negative integers. More generally, the co- 
efficient of the symmetric function (ChM^(x))^^, when expanded in terms of Schur functions, 
are non-negative integers. 
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4.3 Koszul analytic algebras 

We study here the connection of Koszul monoids in species with classical Koszul algebras by 
means of the Schur correspondence between tensor species and analytic functors. This corre- 
spondence is an equivalence of categories when the chacteristic of the field K is zero. 

Let F() : Vcck — > V be the analytic functor associated to a species F : B — > V (V = 
VecK, gVecK, or dgVecR); 

oo 

= 0(F[n]0F®")^^. (119) 

n=0 

It is well known that the F.G{V) = F(V) (8> G(y). Then, a quadratic monoid (M, i') defines an 
analytic functor (M, u), with a structure of graded algebra when evaluated on a finite dimensional 
vector space V, 

uy : M{V)0M{V) ^ M{V). (120) 
Assuming that M!^{V) is finite dimensional for every k >0, its Hilbert series is defined by 

oo 

M(V, t)=Y^ dimM^V)t^. (121) 
k=0 

n 

Since dimMi(F) = ChM^(TX^^~~l, 0, 0, . . . ), n = dimV (see [T9]), we have 

~ °° ^ 

M{V, t) = Y^ ChM^(l, 1, . . . , 1, 0, 0, . . . )t''. (122) 

fc=0 

A species F is called polynomial if the number of integers k, such that F[k] ^ 0, is finite. In 
this section we assume that all the quadratic monoids and modules are generated by polynomial 
species. The reader may verify that in this case, for every finite dimensional space V, the cor- 
responding algebra {M{V), vy) is quadratic with generators in = F{y) (a finite dimensional 
vector space), and relations in RMiV) '^W (^W = FiV) ® FiV). In a similar way, for every 
quadratic M-module N = ^m{G,Rm)-, the corresponding M(y)-module N{V) is quadratic 
with generators in Q = G{V), and relations in Rn{V) C F{V) ® G{V) = W ®Q. 

The bar and cobar constructions in section 14.21 become the classical bar and cobar con- 
structions for the algebra {M{y),Vv) and module {N {y),fv)- Similarly with respect to the 
definitions of Koszul algebra, Koszul module, and quadratic duals (see [27} [26]). 

We invoke Schur classical equivalence between representations of the symmetric groups and 
homogeneous polynomial representations of the general linear group (see jl9j). It is well known 
that this equivalence can be restated by saying that the category of tensor species and the cate- 
gory of analytic functors are equivalent (see [16]). So, we can go backwards in this construction 
and obtain the following proposition. 

Proposition 5. The monoid {M,v) is quadratic (resp. Koszul) if and only if {M{y),Vv) is a 
quadratic (resp. Koszul) algebra, for every finite dimensional vector space V . In a similar way, 
an M-module {N,t) is quadratic (resp. Koszul) if and only if {N(y),fv) is a quadratic (resp. 
Koszul) M(y)-module for every finite dimensional vector space V. 

Quadratic algebras A and A- are Koszul simultaneously (see [26] Corollary 3.3.). By the 
previous proposition we obtain the following. 
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Proposition 6. Let M be a quadratic monoid. Tiien, M is Koszul if and only if its quadratic 
dual M' is so. 

Definition 12. For a monoid (M, v) we call the pair (M, D) an analytic algebra. It will be called 
quadratic (resp. Koszul) if the corresponding monoid (M, z^) is quadratic (resp. Koszul). 

Example 7. Consider the monoids L, E and A. The corresponding analytic algebras are the 
tensor (T), symmetric (S) and exterior (/\) algebras. The three of them are Koszul. Then 
L, E and A are Koszul monoids. The Koszul dual of E is A*, and the Koszul dual of L is 

r + x* = i + x. 

Definition 13. Let be a positively graded monoid and k a positive integer. We define 
the Veronese power M(;j) as the tensor species M^^) = Y^JLq A^— • -/W^(fc) inherits the monoidal 
structure from and is grading is given by M(-^,) = Let m be a graded M^^module. 

For every k > we define the truncated M-module N^''^ as {N^'^^y- = N^. 

Proposition 7. Let M and N be as above. If the monoid M is quadratic (Koszul), then M^^) 
is quadratic (respectively Koszul). Similarly with respect to A^, if the M-module N is quadratic 
(Koszul), then N^^'^ is quadratic (Koszul) for each A; > 0. 

Proof. The Veronese power of a quadratic (Koszul) algebra is quadratic (Koszul) (sec [3]). Let 
A be an algebra and B and ^-module. Then if A and B are quadratic or Koszul, then the same 
is true for B^^'^ (see [26j, proposition 1.1.). The result then follows by proposition [5j □ 

By this proposition, the modules in proposition [2] are Koszul. 

Definition 14. Segre and Manin products of monoids. Let and A^^ be two graded 
monoids. The Segre product MoN is the graded monoid defined by 

(MoN)^ = M^-N!^,k>0 (123) 

and obvious product. If M and A^ are quadratic, the black circle or Manin product is defined 
as follows 

M»N = {M--oN--)--. (124) 
The black circle product for quadratic algebras was introduced by Manin in |18j . 

Proposition 8. If M and A^ are quadratic (resp. Koszul), then MoN is quadratic (resp. 
Koszul). 

Proof. Similar to the proof of proposition [71 See [3] for the analogous result about Koszulness 
of the Segre product of Koszul algebras. □ 

Note that if M and A^ are quadratic, MoN is generated by M- ■ N-, and 

RmoN = Rm ■ {N^f + {M^f • Rn. 

As a consequence, 

Rm»n = Rm ■ Rn- 
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5 Mobius species, c-monoids, and Cohen-Macaulyness 



A partially ordered set or poset (P, <) is a set together with a partial order. We usuahy refer to 
a poset by its underlying set P. If P and Q are two posets we define the direct product P x Q 
as the poset with underlying set the cartesian product of the respective underlying sets with 
order relation (p, q) <pxQ {p', q') if P <p p' and q <q q' . The direct sum or coproduct PuQ is 
the poset with underline set the disjoint union of the respective underlying sets and such that 
X < y in P \JQ either if x,y P and x <p y or x,y £ Q and x <q y. 

Denote respectively by Max(P) and Min(P) the set of maximal and minimal elements of P. 
When Min(P) has one element, denotes that unique element. Similarly, if Max(P) has only 
one element it is denoted by 1. A set with and 1 is called bounded. 

An interval [x, y] in P, x,y £ P is the subposet [x, y] = {z\x < z < y}. We say that y covers 
z if y]| =2 and denote it by x ^ y. A chain is a totally ordered subset xq < xi < ■ ■ ■ < xi 
of P. Its length is defined to be I. A maximal chain of an interval [x, y] is one of the form 



A poset is pure if for every interval [x,y], all the maximal chains have the same length. A 
bounded poset that is pure is called a graded poset. The length of a maximal chain is called the 
rank of P (rk(P)). 

We follow the conventions in [38j for the definition of order complexes, homology of posets 
and Cohen-Macaulay posets. We refer the reader to [5] and the more recent notes [39] for tools 
and techniques on poset topology. 

Denote by A(P) the set of chains xq < xi < ■ ■ ■ < xi of P such that xq e Min(P) and 
XI G Max(P). A(P) = \SiAi{P), Ai{P) being the set of chains of length Define di : KAi{P) 
Ai-i(P), 



The chain complex (ICA(P),9) is called the order complex of P. The homology of P with 
coefficients in IK is the homology of the complex ]ICA(P). It is denoted by K). 

Definition 15. Let P be a graded poset. It is said to be Cohen-Macaulay over IK if for every 
interval [x, y] of P the homology is concentrated in top rank: 



Definition 16. Let Int be the category of finite families of finite posets with and 1, where for 
two objects A and B of Int, a morphism / : j4 ^ P is an isomorphism of posets / : JJ/gy^ I 
LI/'eB ^' ■ ^ Mobius species is a functor P : IB ^ Int. For an object A G Int, define the Mobius 
cardinality \A\fj_ = X]/gAA'(-^)- If ^ = 0; we set fJ-{A) = 0. For a permutation a : U ^ U,let 
Fixp[(T] = {Ia\I G -^^[f^]) P[(^]{I) = I}, where 1^ is the subposet of elements of / fixed by a; 
/o- = {x G I\P[a]x = x} The Mobius cardinal |FixP[(T]|^| only depends on the cycle type of a. 
This leads to analogous of the generating functions for ordinary species. 



X = xq ^ xi < ■ ■ ■ < xi = y. 



di{xQ < xi < ■ ■ ■ < xi) = ^(-l)*~-^(xo < xi < • • • < Xj_i < Xi+i < ■ ■ ■ < xi). 



P,([x,y],IK) =0, for r/rk([x,y]). 



(125) 




oo 



(126) 



n=0 
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ChP(x) = !FixP[a]|^^^. (127) 

P is said to be Cohen-Macaulay if for every finite set U, all the posets in P[U] are Cohen- 
Macaulay. 

Let {M,v) be a monoid in the monoidal category of set-species (^'^,-,1). Recall that the 
elements of the set (M • M)[C/] are ordered pairs of the form (m^/^ , m^/j ) , C/i 1±) C/2 = U, where 
mij. S M[?7j], i = 1, 2. (M, u) is called a c-monoid if it satisfies the left cancellation law 

v{mu^,mu2) = vimui^m'u^) mu^ = m'^^. (128) 

5.1 The posets associated to a c-monoid 

From a c-monoid (M, u) we can define a partially ordered set 

( 1+J M[Ui],<,) = {{E-M)[U],u). 

Uicu 

for each finite set U. The relation <u on the set defined by 

n^Ui l^u nT'U2 if there exists m,'^//, ?7i W C/2 = U2 such that u{mi/^,m^^) = mu^. (129) 

This posets have a zero the unique element of M[0]. All the elements of M[C/] are maximal in 
(l+Jj/^^j/ M[C/i], <j/), but in general, an element nii G M[Ui] Ui ^ U could be also maximal. 
To avoid this situation we define Vm[U] to be the subposet of i^SuiCU ^[^i]; — i^) whose set of 
maximals elements is equal to Af[C/], 

PmIU] := {mi \ such that there exists m G M[U] with mi <u m}. 

In other words, Vm[U] = U.meJ\/[i7] [0' "^]- 

The partial order of Vm\U] is functorial, for every bijection f : U ^ V between finite sets 
we define Pm[/] : Vm[U] ^ Vm[V] by 

VM[f]mi = M[fu,]mi = {EM)[f]mi (130) 

where mi G M[C/i] and fjji is the restriction of / to Ui. From the cancellative property in 
c-monoiods we obtain the following theorem and corollaries (see [23], theorem 3.2.) 

Theorem 1. The family of posets {Pa/[C/]|C/ a finite set} satisfies the following properties: 
1- 'PmU'] '■ T'mIU] Vm\V\ is an order isomorphism. 

2. 'Pm\U] has a the unique element of M[0]. 

3. For a finite set Ui C JJ , and mi G M\Ui] an element of 'Pm\U]i the order coideal 

Cmi = {"1-2 G VM[U]\m2 > mi}, 
is isomorphic to Vm[U — Ui]. 

Corollary 1. If / : C7 — > ^ is a bijection, and [0,m], m G M[U], an interval of Vm[U], then, 
the restriction of VmIJ] to [0,m], "PMl/lljom] • [^^^] ~^ [^iM[f]m] is an isomorphism of posets. 



20 



Corollary 2. Every interval [mi, 1712] of Vm[U], G M[Ui\, i = 1,2, f/i C C U, is 
isomorphic to the interval [0,m2] of Vm[U2 — Ui], m'2 being the unique element of M\U2 — Ui] 
such that z/(mi,m2) = m2- 

Now we can define the inverse Mobius species M~^. 

Definition 17. Let M be a c-monoid a s above. Define the Mobius species 

M-^[U] = {[6,m]|m G M[U]}, 

for a bijection f : U ^ U', the isomorphism M"i[/] : Y[meM[U]i^^'^] ~^ LIm'GM[C/'] [0' "^1 is 
given by 

M-^[f]mi = M[fu,]mi. (131) 

where C/i is the subset of U such that mi G Af[[/i]. It is clear that if mi G [0,m], then 
M-^[f]mi G [6,M[f]m]. 

By Mobius inversion in the poset Vm[U] we obtain (see [23], theorem 3.3.) 

MobM-^(x) = (M(x))-^ (132) 

Let VM[U,a] be the subposet of Vm[U] of the elements fixed by the permutation a : U U , 
under the action given by equation (I130p . In a similar way, by Mobius inversion on Vm \U, ct] , 
we obtain 

ChM-^(x) = (ChM(x))-^ (133) 

Proposition 9. Assume that M = Ai{F,R) is a quadratic c-monoid. Then, every interval 
[0, m] with m G M-[U] is graded with rank k. 

Proof. If m G M-[C/], then, there exist /i, /2, • • • , /fc elements of F such that 

m = fi®f2®---®fk G F''[U]/{R). 
Every maximal chain in [O, m] has to be of the form 

-< mi -< m2 -< ■ ■ ■ ^ mk = m 
where mj = J^(mj_i, //) for i = 1, 2, . . . , and f'l® f2® ■ ■ ■ ® f'k ^ fi® f2® ■ ■ ■ ® fk- □ 

From the previous proposition we easily obtain the corollary. 
Corollary 3. The poset Vj.j\U] := UmeM*L[(7] I^' is pure. 

Theorem 2. Let M = A4{F,R) be a quadratic c-monoid. Then, the tensor species U 
Hk{P^[U],K) is isomorphic to (Af'-)-. Moreover, M is Koszul if and only if for every finite set 
U and every k, the homology H^,{T'j^j[U],K) is concentrated in top rank ; HrCPj^.jlU],^) = 0, 
for r ^ k. 

Proof. We reverse the enumeration in the complex ]KA*(7^^[f7]) to define an appropriate dg- 
tensor species. Let C^^^'S- be defined by 

:=]KAfc_,(p|[C/]), (134) 
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where r = 0,1,2, k. The differential dr : C^*^)'- C'^'^)'^ is equal to dt-r- Let 

mu, ^ ■ ■ ■ (S) mur G 0arW(M)i[C/], mt/, (£ M[Ui], i = 1,2, ... ,r. (135) 

Let = l+J!,=i C/s; and define recursively, 

my, = m-c/i, "iy, = i^{mv,_i,mu,), i = 2,...,r. 

It is clear that 6 <u my, <^ myj <;/••• <i/ my^ is a chain in C(^)'^-^[f7]. By the left cancellation 
law, the correspondence 

a : mui ® mu^ ® ■ ■ ■ ® mu^ ^ d <v niy^ <j, myj <u ■ ■ ■ <v rny^ G M[U] (136) 

is bijective between basic elements of Bai{M)'^^'>'^—^\U\ and C^^'''^^\U] respectively. Since 

a{mui®- ■ ■(^i^{'mui,mui^^)<^- ■ ■<^mur) = <u my, <i, <u ■ ■ ■ <u "^v^-i <u "iVi+i <u mv^- 

a extends by linearity to an isomorphism of dg-tensor species a : Bd.i^^\M) C^^l Because 
of this we have HkiVjj[U],K) = H^{C^^^^U]) = H^Bav^^\M) = and that HBar^^^M) 

is concentrated in degree zero if and only if is so for every k = 0,1,2, ... . □ 

Lemma 1. Let M = J\A{F,R) be a quadratic c-monoid as above. The inverse species 

is Cohen-Macaulay if and only if for every finite set U and every poset [0,m] e M-i[f7], the 

homology /7^([0,m]) is concentrated in top rank k = rk([(),m]). 

Proof. The result follows directly from corollary [21 □ 

Theorem 3. Let M be a c-monoid as above. Then, M is Koszul if and only if the Mobius 
species M""^ is Cohen-Macaulay. 

Proof. We have the identity 

Hr{vl^[U],K) = Hr{[b,m],K),r = 0,1,2,..., k. (137) 

Then, Hr{Vjj[U],K) = if and only if Hr{[0,m],K) = for every m G M^[[/]. The resuh 
follows from the previous lemma and theorem [2j □ 

If M is a Koszul quadratic c-monoid, since ((Mi-)^(a;))"^ = M{x) and ((ChMi-)^)"^^) = 
ChM(x), we have 

M6bM-^(x) = (Mi-)^(x), (138) 
ChM-i(x) = Ch(Mi-)^(x). (139) 

Moreover, these identities can be refined a little more. Using standard arguments, we can prove 
that the Mobius cardinalities have the following interpretations: 

^ ^(0,m) = (-l)'=dim(Mi-)-N, (140) 

mGM^[n] 

mm].) = (-l)'=tr(Mi-)^H. (141) 

m(^M!i-[n] ,M[cr]m='m 

Example 8. For the c-monoid E, Ve[U] = [0, U] = 3S[U) is the Boolean algebra of the parts 
of U . It is well known that ^(U) is Cohen-Macaulay. This is another way of obtaining that E 
is a Koszul monoid (over Z). 
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5.2 The posets associated to a c-module 

Definition 18. Let M be a c-monoid and N a right (set) M-module such that A^[0] =0. N is 
said to be a c-(M)-module if it satisfies the left cancellation law: r(n, m) = T{n, m') =^ m = m' . 

Define a partial order on E.N\U] = -^[^i] by: <r ^2 if there exists m € M\U2 — Ui\ 

such that r(ni, m) = 712. E.N[U\ does not have a 6. In that case define E.N\U] = + E.N\U], 
then trim the maximal elements not in N\U], to obtain 

Vm,n[U]= U [0'"] (142) 
neAr[c/] 

[0,n] being an interval of E.N\U]. As in the case of posets induced by c-monoids, the order is 
functorial, and we have the following theorem and corollaries. 

Theorem 4. The family of posets {Vm,n\U\\U a finite set} satisfies the following properties: 

1. For a bijection f lU ^V, VM,N[f] '■ 'Pm,n[U] Vm,n[V] is an order isomorphism. 

2. For a finite set Ui C U, and ni G N[Ui] an element of Pm,n[U], the order coideal 

Cni = {n2 G 'Pm,nW]\'^'2 > ni}, 

is isomorphic to Vm,n[U — Ui]. 

Corollary 4. If / : [/ ^ y is a bijection, and [0, n], n G N[U], an interval of 'Pm,n[U], then, the 
restriction of VM,N[f] to [0,n], VM,N[f]\[Q n] '■ P'"^] ~^ [Oi^[/]^] is an isomorphism of posets. 

Lemma 2. Let [ni,n2] be an interval of 'Pm,n[U], Ui G N[Ui\, Ui C. U2 Q U. Then, [ni,n2] is 
isomorphic to [0, m], m e M[U2 — Ui] being the unique element such that r(ni, m) = n2- 

Theorem 5. Let Qn,m be the Mobius species defined as 

QN,M[U] = {[^M\n^N[U]}. (143) 

Then 

MbhQNM^) = -N{x)M6hM-\x) = (144) 

M [X) 

^ J2 t^ini,n) = Yl M6,n)+ J] ^ /x(ni,n) = (146) 

neAr[!7]6<ni<n neN[U] neJV[?7] 0<ni<n 

= |Qiv,M[[/]U+ E E E M«i>") = (147) 
= \Qn,mP]\i.+ E E M(6,m) = (148) 

0^C/iCC/ meM[t/-t/i] 

= \Qn,m[U]\,^+ E im]l|M-M^^-t^i]U = 0- (149) 



Proof. 
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From that, we get 

MdhQN,Mix) + N{x)M6hM-^{x) = 0. (150) 
The proof of the character formula is similar, by Mobius inversion on the poset 

'PM,N[U,a] = {n G VM,N[U]\VM,N[o-]n = n}. 

□ 

Analogously to the c-monoid case we have the following results. 



Proposition 10. The poset T'j^.^ j^[U] := UneAftLirj/i [0> is pure with rk([6,n]) = k for every 



n maximal in "Pj^ ^ [U] . 

Theorem 6. Let M be a Koszul c-monoid, and N a quadratic c-module on M. Then, the 
tensor species U i— > i/fc(Pj^^[C/],]K) is isomorphic to (A^'-)^^. Moreover, N is Koszul if and 

only if for every finite set U and every k, the homology i7*(Pj^ ^[C/], K) is concentrated in top 

rank; Hr{Vj,j^^[U],K) = 0, for r ^ k. 

Corollary 5. The M-module N is Koszul if and only if the Mobius species Qn,m is a Cohen- 
Macaulay. Moreover we have 

MbhQNMi^) = -{N'Y-ix), (151) 
ChQM,7v(x) = -Ch(Ai)^(x), (152) 
fi{6,m) = (-l)'=+Mim(Ai-)-N, (153) 



^([6,r^].) = (-l)^'+Hr(Ai-)^M. (154) 

ni^N^ri\,N[a\n=n 

Example 9. Truncated Posets. Let M = M{F,R) be a Koszul c-monoid. For a fixed positive 
integer /, = ^j.>, Ml is a cancellative Koszul M-module. T'a/ [f^] is the poset obtained 
from VmIU] by removing the elements of rank j, < j < I. The orthogonal relation Rj^jm [U] is 
the linear span of elements of the form 

Y ml (E) f* e (M^-y ■ F* , 

v(m\ ,f)=m 

where in the sum, m is in M^ii[[/]. For M = E, ^[i][U] is the truncated Boolean algebra 
Its top homolgy is given in the first part of proposition [2] (see [3D] for a general result 
on the top homology of rank selected Boolean algebras). 



6 Applications: Andre's alternating sequences, Bessel functions, 
and generalizations. 

The Andre generating function for alternating sequences [2] is the prototypical example of the 
combinatorial applications of Koszul duality for product monoids and modules. Define the 
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species Cosh and Sinh to be respectively the even and odd parts of E, 



oo 



Cosh = J^^2fc = ^(2) (155) 

fc=0 
oo 

Sinh = ^ -52^+1 = -E'(2)+i (156) 

k=0 

Cosh is a c- monoid (see [23], Example 3.8.), and Sinh is a Cosh-module. Since is a Koszul 
monoid and hence a Koszul i?-module, by proposition [71 both are quadratic and Koszul. Cosh = 
M{E2, Rcosh), where for a set U of cardinal 4, the vector space of relations -Rcosh[t^] C -Efi^] 
is generated by the vectors of the form Ui U2 — U[ (>i) U2, \Ui\ = IC/2I = \U[\ = \U2\ = 2, and 
such that Ui^U2 = U[^U2 = U. Its annihilator ^coshl^] ^ (^2)^!^^] is the one-dimensional 
vector space generated by 

® Ul (157) 

Ui\sU2=u 

In a similar way Sinh = ^cosh(-^; ^Sinh); where -Rsinh[t^] C {X ■E2)[U], \U\ = 3, is the vector 
space generated by the differences a {U — {a}) — a' ® {U — {a'}), a, a' € U. Its annihilator is 
the one-dimensional vector space generated by 

^a* ®{U - {a})*. (158) 

ae(7 

For a finite set f/ = {1, 2, . . . , 2k} of even cardinal, Cosh'-[C/] = l.{E2)[U]/ {R-^^^^)[U] is the 
vector space generated by vectors of the form U* (S> U2 ^ ■ ■ ■ (E> U^, l+I^Li Ui = U, and \Ui\ =2, 
under the relations 

U* ^U*_^^ = 0, H CU,\H\= A, iov i = 1,2,..., k-l. (159) 

U,i±>U,+i=H 



Let Tn be the border strip Ba, a being the composition (2, 2, . . . , 2) if n = 2k is even and 

k 

a = (2X^~~2, 1) ifn = 2k + lis odd (B^ as defined in [SI P- 383). The relations (fTSQil are 
the Garnir elements of the skew Specht representation whose shape is T2k- Then 

00 



Cosh!- = ^5.,,. (160) 



k=0 

In the same way we prove that 



Sinh^- = ^5.,,^,. (161) 



k=0 



The basis of Sr^^i'^k], and Sr2^^i[2k + 1] are in bijection with the standard tableaux of shapes 
T2k and T2fc+i respectively. They can be identified with the alternating permutations of length 
2k and 2k + 1 respectively. 
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We have the generating functions 

Cosh(x 

Sinh(x 

Cosh9(x 

Sinh^(x 

ChCosh3(x 

ChSinh3(x 



oo 2k 



E 

fc=0 



cosh(x) 



{2k + 1)1 



„2k 



{2ky. 



E 

A:=0 

oo 

k=0 

oo 

oo 

E(-1)'^2.(X) 

k=0 

oo 

^(-l)'=/i2.+l(x) 



sinh(x) 



cos(x) 



sm X 



(162) 
(163) 
(164) 
(165) 
(166) 
(167) 



A:=0 



Denote by £k the Euler number, the number of ahernating permutations of length k. From 
proposition [3] we obtain 



Cosh"(x) 
Sinh"(x) 
ChCosh'-(x) 
ChSinh'-(x) 



cos(x) 



smlx 



cos(x) 



sec X 



2k\ 



^£2k 

k=0 
oo 

tan(x) = ^ £"2^+1 



„2fc+l 



k=0 



{2k + 2)\ 



Er=o(-i)'^2fc(x) 



k=0 



T"2fe ^ 



Efclo(-l)^^2fc+l(x) ^ c- 

Er=o(-i)^^2.(x) to ^'"^'^ 



(168) 
(169) 
(170) 
(171) 



All of this can be straightforwardly generalized to the monoid and its modules E(^n)+r^ 
r = l,2,...,n-l. 

Observe that VcoshW] is the poset of subsets of U having even cardinality. By theo- 
rem [3l 'Pcosh\U\ is Cohen-Macaulay for every U . This is indeed a consequence of a classi- 
cal result: Pcosh[2fc] is the rank restricted Boolean algebra =^5[2A;], ^si'^k] = {V\\V\ G S}, 
S = {0, 2, 4, ... , 2k}, hence it is Cohen Macaulay (see [5| Theorem 5.2). We have 

Chi7,.(Pcosh[2A:],]K)(x) =5,,,(x). (172) 

Since dim^r,, [r] = £r, by equations (jl40p and (jl53p , we can compute the Mobius function 

f^{Vcosh[2k]) = {-lf£2k, 
M(Pcosh,Smh[2A: + l]) = (-l)'=+lf2fe+l. 

See |33] Proposition 3.16.4. or [32], Corollary 3.5., for a q-generalization of this Mobius function 
formula, in the context of binomial posets. 
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The combinatorics of Bessel functions is the simplest and most natural application of the 
Koszulness of the Segre and Manin products of Koszul monoids. Consider the Segre product of 
E with itself, EoE. The elements of EoE[U] are pairs of sets (C/i, U2), U1ISU2 = U, \Ui \ = \U2\- 
EoE is clearly a c-monoid. Its generating functions are 



{EoE){x) 
Ch(^oS)(x) 
{EoE)l{x) 
Ch{EoE)l{:x.) 



00 2k 



k=0 



k=0 
00 

fc=0 

°° ™2fc 

fc=0 

00 

k=0 



M2x) 



(173) 
(174) 
(175) 
(176) 



where Jo(x) and loix) are respectively the ordinary and hyperbolic Bessel functions. The species 
of generators is X • X = X'^. The species of relations R[U] C = (X^ • X^)[C/] is the vector 

space generated by the differences: 

h^h-hf^ k (177) 

where h (g) I2, 13 (S) h ^ X^[[7i] (g) X^[f/2], C/i tt) f/2 = U. R-^ is the vector space generated by the 
set 

ll0l2\Ui\SU2 = u\ (178) 
jitS)i2ex2[Ui](S)X^[U2] J 

For U = {1,2,3,4}, Ui = {1,2}, U2 = {3,4}, the relation becomes the following identity in 
(A. A) [4] = {EoE)--[4] = (X2 . X^)[A]/R^[A], 



(1, 2)* (g) (3, 4)* + (2, 1)* (3, 4)* + (1, 2)* ® (4, 3)* + (2, 1)* (g) (4, 3)* = 0, (179) 
(1,2)* (3,4)* = -(2,1)* (3,4)* - (1,2)* O (4,3)* - (2,1)* (4,3)*. (180) 

By this relations, the vector space {EoE)'-[2k] = {X^ ■ X'^')[2A:]/7^^[2/c] has a basis that can 
be identified with the set of elements of the form /| (g /2 S {X^ ■ X^)[lk], where in the pair 
(^1,^2) = {0'iO'2 • • • flfc, ^i&2 ■ ■ - bk) the configuration < aj+i, bi < bi+i is not allowed (forbidden 
rise-rise configuration). From that, we recover the result of [7] that the coefficient ^2k in the 
expansion 

00 2k 

{EoEf{x) = J^\x) =Y.^2k^ (181) 

fc=0 

counts the pairs of linear orders (^1,^2) £ X'^[/c] x X'^[/c], with forbidden rise-rise configuration. 
A similar interpretation can be obtained from the coefficients of the monomials in the expansion 
of the character of (EoE)'" 
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Figure 3: Interval of the scale poset Veoe[{o; b, c, d}]. 

The ordinary generating function of the Manin product E»E = (AoA)' is also Jq^{x). Its 
Frobenius character is 

^ EfSRRw- 

See [7] for a combinatorial interpretation of that. As before, the species of generators of AoA is 
X -X = X^. 

The species of relations R[U] C = (X^ • X'^)[U] is the vector space generated by the 

differences: 

/l (g) ^2 - sig(T.sigT((T/l (g) TI2) (184) 

where h ^ I2 € X'^[Ui] (g) X'^[U2], Ui ^ U2 = U, a and r being permutations of Ui and U2 
respectively. R-^ is the vector space generated by the set 

f^^siga.sigT{all(^Tl*2)\Ui^U2 = (185) 
For U = {1, 2, 3, 4}, Ui = {1, 2}, U2 = {3, 4}, we have the identity in {E»E)[4] = (A.A)'-[4] ={X'^- 



(1,2)* (g (3,4)* = -(2,1)* ® (3,4)* - (1,2)* ® (4,3)* + (2,1)* (g (4,3)*. (186) 

As before, the basis of {E»E) [2k] is also in bijection with pairs of linear orders with forbidden 
rise-rise configuration. 

All of this can be generalized to arbitrarily many Segre and Manin products of E: EoEo . . . oE 
and E»E» ...tE. 

6.1 The scale posets 

We call Veoe[U] the scale poset. The elements of it are balanced ordered pairs of subsets of U, 
{Vi,V2), \Vi\ = \V2\, VinV2 = 0, ordered by simultaneous inclusion: {¥(, V^) < {Vi, V2) if C Vi 
and V2 ^V2. The maximal elements are the balanced ordered pairs of sets {Ui, U2), C/ii±)C/2 = U, 
and all the posets [(0, 0), (C/i, U2)] G {EoE)~^[U] are isomorphic. By theorem[3l they are Cohen- 
Macaulay. The character of the top homology ChHk(VEoE['^k],K){x.) is the homogeneous part 

of degree 2k in the expansion of the symmetric function f^^o(~-'^)"'^i(^)) • equation 
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(|140p . the Mobius cardinality 

\{EoEr'[2k]\, = Yl MP, 0), (^1,^2)]) = (^^) /^[(0,0),([fc], [fc])] (187) 

Ui\i}U2 = l2k] ^ ^ 

is equal to (-l)'=dim(£;o£;)!-[2)fc] = (-1)^ ( ) fsfc. Then, 



and we have 



M[(0,0),(W,W)]=(-l)'f2fc, (188) 

Mob(i?oi?)-i(x) = T7^ = E(-l)'f2;^|i2 • (189) 

fc=0 

The scale posets can be generalized by considering, for fixed k and n, the c-monoid 



Lib(k,n) — E(^k)2E{k)2 ■ ■ ■ £-E^(fc) 



The elements of 'PLib(k [t^] are n-tuples of sets having the same cardinal, a multiple of k, and 
ordered b 
functions 



ordered by simultaneous inclusion. Lib^^,^^^ is Cohen-Macaulay, and we have the generating 



/ °ci nkr \ ^ / °° nkr \ ^ 

MobLib(k,n)-^(x) = (Ej^j ^^Hk,n^-) = [Y.yyj^) (190) 

ChLib(k,.)-(x) = ^^J^n^^^y ChLib(k,n)Kx) = ^oo^(_l).,„^(,)- (191) 
6.2 c-Operads 

Let R and S be two set-species such that S'[0] = 0. Recall that the elements of the substitution 
R{S)[U] are pairs of the form (a,r), a being an assembly of S'-structures, 

a = {sfilsgTr, SB € S[B], i? G vr, vr a partition of U, 

and r G R[Tr]. 

Definition 19. c-operads. Let {'rf, rj) be a set-operad. We say that is a c-operad if it satisfies 
the left cancellation law: For every pair of elements (a, c), (a, c') G ^(^)[[/], if 77(0, c) = r/(a, c'), 
then c = c'. r/ induces a natural transformation fj : E{^){^) E{^) defined as the composition 
i) = E{r]) o a, 

^C^)C^) ^ ^c^c^)) ^-^^ ^c^). (192) 

a being the associativity isomorphism for the substitution of species. 

The elements of E{'rf)('tf)[U] are pairs of assemblies (01,02), where oi = {cb}b£tv is an 
assembly of "^-structures over the set U, and 02 is an assembly of '(^'-structures on the set vr. 
More explicitly, if 02 = {cb'\B' G vr'}, vr' is the partition induced by the assembly 02 (a partition 
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Figure 4: Order induced on = E[^() by the c-operad of simple, connected graphs. 

on the blocks of vr), then ai can be written as an union of subassemblies oi = l+|^,g^/af , 
af = {cB E ai|S € B'}. fj is explicitly evaluated as follows 

r}(ai,a2) = {r]{af' , Cb')\B' G vr'}. 

r) inherits the left cancellation law: if 7/(01,02) = r)(ai,a2), then 02 = 02- '^'^^ define a 
partially ordered set {E{'^^)[U], <^), for every finite set U. The partial order <^ defined by 

oi <»y «2i if there exists a'2 G "^[vr], such that 77(01,02) = 02, (193) 

vr being the partition associated to the assembly ai. See figure H] for the partial order induced 
by the operad of simple, connected graphs on the simple graphs ^ = E{^c) (assemblies of 
connected graphs) ([23], Example 3.19.) 

The assemblies with only one structure {cu}-, cu G "^[^7], are maximal elements of this poset. 
However, as in the c-monoid case, in general an assembly with more than one element could 
be maximal. We define the poset ^<r^[C/] to be the subposet of (i?(^)[C/], <^) whose maximal 
elements are the assemblies with only one structure. Explicitly 

^^m--= U [6,{ci/}]. 

The order on ^3^^g\U] is also functorial. For a bijection / : U ^ U' , the bijection 

is an order isomorphism. 

From the properties of c-operads the following theorem follows (see [23] Theorem 3.4.) 

Theorem 7. The family {=5^<^[C/]| U a finite set} satisfies the following properties: 

1. ^^^[U] has a equal to the assembly of elements all in '^1 = X. 

2. For oi G ^^^[U], the order coideal Ca^ is isomorphic to =^^[vr], vr being the partition 
induced by the assembly oi. Every interval [01,02] in =^<g'[C/] is isomorphic to [0,03] of 
^c^[7r], a'2 being the unique assembly such that 17(01, 02) = 02. 
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3. If ai = {cb\B G tt}, the interval [0,ai] is isomorphic to the direct product 

where [0, {c^}] is an interval of ,^<^[i?] for all blocks B ^ tt. 

Definition 20. Mohius substitutional inverse. Let be a c-operad. Define the Mobius (sub- 
stitutional) inverse 

^(-^)[U] = {[0, {cu]] : [0, {cu}] an interval of ^vP], cu G ^[f/]}, 

for a bijection f : U ^ U' , the isomorphism ^^^^'^[f] : Uce-^f [t/] l"^}] ~^ \lc'e'^'[U']l^A^'}] 
given by 

^^-'^[f]ai=E{^)[f]ai. (194) 

where ai is an assembly oi <^ {c{/}, for some cu € ^to\U\. It is clear that if ai G [0, {cfy}], then 
^<-i>[/]aiG[0,{^[/]cc/}]. 

As in the case of c-monoids, by Mobius inversion on the posets =^-^[[7] and ^%f[[/, cj], we 
obtain 

Mob^<-i>(a;) = C^(x))<-i> (195) 

Ch'^<-i>(x) = (Ch'^(x))<-i>. (196) 

Example 10. The species Ej^ is a c-operad (the operad ^om in [H]). It induces the Mobius 
species E',^ \U] = {n[C/]}, where n[C/] is the classical poset of partitions ordered by refinement. 

Ch4-^>(x) = 5]j;^.(n.[n])M^ = (Chi?+(x))<-i) 

1 I ^ci 
n=l ahn 

^(x) \(-l> 



^n=l 



from this, we recover Hanlon result about the Mobius function of n(j[[/] ([15] Theorem 4.) 
The c-operads are closed under pointing [23]. The species of pointed sets E'[U] = {XD)E[U] = 
[/ is a c-operad ([22], Example 3.13. (3)). It induces the poset of pointed partitions ^^e'[U], 

with n = \U\ maximal elements. E*{x) = xe^ and Ch£'*(x) = pi(x)e^"=o " . We obtain that 

/(x) = Mob(^')<-i>(x) = (xe^')<-^>, 

and 

5(x) = Ch(i?-)<-i)(x) = (pi(x)eS"^-o^y"'^ , 
are the solutions of the equations: 

/(x) = xe--^(^), 

and 

g(x) = pi (x) exp ^ -5(2;?, x^, . . . )/n . 

\n=0 / 
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By Lagrange inversion in one variable we obtain = {—l)'^~^n^~^ . Because all 

the intervals in {E')^~^'^ [n] are isomorphic, and there are n of them, we have ;u[0, {([n], 1)}] = 
(—l)"'~^n^~'^. The Mobius cardinality for Fixi?*[a] can be computed by using the plethystic 
Lagrange inversion formula. The n-pointed set species E*"' = {XD)'"'E is a c-operad, induc- 
ing the family of posets of n-pointed partitions. The generating function of i?*" is equal to 
(xZ?)"e^ = (pnix)e^ , (pnix) being the exponential polynomials. 



7 Koszul duality for operads 
7.1 Partial Composition 

Let {ff,Tj) be a tensor, g, or dg— operad. For each finite set, the morphism 

r^u : ff{^)[U] = ( (g) ^[S] ) ff[iT] ^ ffpl (197) 
7rGn[c/] V-BeTT / 

decomposes as a direct sum of morphisms r/^^, vr € n[?7], 

Vu-\^ ^[B] I ® ^[vr] ^ ff[U]. (198) 



Choosing the partition with only one non-singleton block Ui C U; tt = {Ui} U {{u}|n E U2}, 
U2 = U\Ui, the natural transformation 7?^} goes from ff[Ui] ff[U2 tt) {Ui}] to ^[U]. By 
the definition of derivative, for each proper decomposition f/i tt) C/2 = U, we have a natural 
morphism from ^[Ui] ^ ^'[U2] to ff[U]. Using the definition of product, we obtain a natural 
transformation (partial composition) from the product G ■ G' io G . The product G ■ G' is clearly 
isomorphic to the species of i^-enriched trees with exactly two internal vertices. By abuse 
of language we denote this partial composition with the same symbol * used as 'ghost element' 
in the definition of derivative. Iterating this procedure we obtain the natural transformations 
(partial compositions) denoted by and *2, from G ■ {G ■ G')' = G"^ ■ G" + G ■ G'"^ to G ■ G'. 
The composed of those partial compositions *i o *2 and *2 ° *i go from G"^ ■ G" + G ■ {G')"^ to 
G. The associativity of rj gives us the identity *i o :*r2 = *2 ° *i (see figure Q). Conversely, 
from a partial composition -k : G ■ G' ^ G such that the derived partial compositions *i and *2 
commute, we can give G an operad structure, r/ : G{G) G. 

For a tree t in ^^[U] and a pair of internal vertices v and v' , such that f is a son of v', 
a partial composition can be performed through v and the resulting tree will be denoted by 
v{t)G^4U]. 

Definition 21. Quadratic Operads. Let G be a tensor species of the form G = X + G2+. The 
species of enriched Schroder trees is the free operad generated by G. Let i? be a subspecies of 
Define = {{R)) to be the operad ideal generated by R in J^g- The operad G = ^gI^G 
will be called the quadratic operad generated by G with quadratic relations in i2, and denoted 
by ^ = 0{G, R). There is a natural graduation on G given by ^9 = ^0 + + ^ ^gZ-^I' 
where G- = X and G- = G2+. The quadratic dual cooperad of G (see [13]) is defined by 

G'^ ■.= 0{G*,R^y. (199) 
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Figure 5: graphical representation of the partial composition * : ^ • — > ^, for an operad G . 

When G is concentrated in cardinality 2, the quadratic dual (see jT4]) of G is defined by 

G- ■.= 0{G* QA2,R^), (200) 

where R is the kernel of the natural transformation : ^^0A2 ~^ G^ Q A^, -k being the partial 
composition on the operad G Q A. 

Remark 1. Observe that if = 0{G,R), R is the kernel of 

-k I G2+ ■ G2+ — > G—. 

Hence, G is quadratic if and only if ^ = ^G/((Ker(*))), G2+ = Gk 
7.2 Bar construction for operads 

We follow here B. Fresse (see [TB]) on his generalization of the original Ginzburg-Kapranov 
definition of Koszul operads. Let G = 0{G, R) be a quadratic operad and G^ its corresponding 
graded operad. We are going to construct a dg-species by defining a differential on the inverse 
^£(^1) ^ ^^^9. Exphcitly, using equations ([MI) and (HI]) 

^^AU]= (g) -^H= I (g) ^[vr,] I C5A[Iv(t)] (201) 

Hence, a decomposable element of ^^Z'^s [f^] can be written in the form viAv2A- ■ ■ f\Vr~i/\Vr®t 
for some r > 0, where t is an i^-enriched Schroder tree t G ^ff\U] and {^1,^2, . . . , Vr} is the set 
of internal vertices of t in any order such that the root is indexed as last element Vr- Define 
d '■ '^~03_ ^I^ff9_^ /c = 0, 1, 2, . . . , 

r-l 

d{vi A W2 A • • • A Vr-i AVr0t) = '^{-iy~^vi AV2 A ■ ■ ■ /\Vi A ■ ■ ■ AVr Vi{t). (202) 

i=l 

Clearly d^ = 0, and this will be called the bar construction for operads and denoted by =^ar(^); 
.^ar(i^) = (^^^"^\ d). It is easy to see that =^ar(^)^ = and that the cohomology H^SSai{G) 
is isomorphic to the quadratic dual cooperad G'^. 
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Figure 6: Graphical representation of the commutation of partial compositions. 
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Figure 7: The partial composition for the operad of M-enriched rooted trees 

Definition 22. A quadratic operad G is called Koszul if the g-species 7Y=^ar(^) is concentrated 
in degree zero. 

Proposition 11. If ^ is Koszul, then 

^i(x) = (^^(a;))(-i> (203) 
Ch^i(x) = (Ch^5(x))(-i). (204) 

Proof. Similar to the proof of proposition ([3|) . □ 
7.3 The operads of M-enriched and small trees 

We now consider the species of rooted trees where all the vertices (internal and leaves) are 
labelled. It is the solution of the implicit equation 

£/ = XE{j2/). (205) 

More generally, for an arbitrary species M, |M[0]| = 1, the species of M-enriched trees 
is defined as the solution of the implicit equation 

£^M = XM{£^m)- (206) 

The species s/m is explicitly defined as follows 

s^m[U]= ^M[t-\u)l (207) 

where for each vertex u of the rooted tree t G ■s^\U], t~^{u) denotes the fiber (set of sons) of u in 
t. An M-enriched tree tff is a decomposable element of j^m[U]. From equation ()207p each one 
of it is of the form tff = {tjj, ^u&f^u), where tjj G £^[U] and for each u U, rriu € M[t^^{u)]. 

The (set) species of rooted trees has a c-operad structure rj : si (s;/) si . An element of 
si {si')\U\ is a pair (a, f) where a = {Ib^b^-k is a forest of rooted trees and t' is a rooted tree on 
the blocks of the partition vr. The tree t = 7y(o, t') will have all the edges in the forest a plus a 
few more defined as follows: for every pair of trees Ib^ and tB2 such that B\ and form an edge 
in i', insert an edge between the roots of t^i and Ib-^,- The operadic structure oi si = s/e can 
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Figure 8: The partial composition for the operad of small trees. 

be generalized to the species of rooted trees enriched with a monoid (Af, i'), i' : M.M — > M (see 
|21j . and [23] for a set-operad version of this construction). For that end, it is enough to describe 
an appropriate partial composition * : s^m-s^'m ~^ ^M- Let U\^\J2 = ^7 be an element 

of [s^M ■ s^m)[U], tff^ G ^m[Ui] and fff^ € ^mI^s] = ■s^m[U2 tt) {★}] being M-enriched trees. We 
are going to describe the tree = -*^{tff^ (8) tff^) G £/m[U]. Assume first that the ghost element 
of t^^ is the root. Then tff is obtained by imbedding tff_^ into t^^ using the following procedure. 
Place the tree tff^ into tff^ by replacing the (ghost) root of it by the root r of tff^ and enriching its 
fiber t^^{r) = t^^ir) tt)t^^^(*) with the vector u{mr (^m^), G M[tj^^{r)] and G M[t'^^{-k)] 
being the structures enriching the fibers of the roots of tjj^ and tu^ respectively. When the ghost 
element of t^f^ is not its root, imbed t^^ in tff^ by using the previous procedure with the subtree 
of tfj^ formed by the descendants of * (* will be the root of it). By the associativity of v we 
have the commutation of the partial compositions. 

An M-enriched tree will be called small if all the vertices different from the root are leaves. 
Denote by the species of M-enriched small trees, is clearly isomorphic to XM. 

By the product rule for the derivative (see [I7|), we have that ^m^m = XM{M + XM') = 
XM"^ + X'^MM' . Hence, if M is a monoid (M, v), has a natural operad structure given by 
the partial composition ★ = Ix-i^ + ^ 

* : XM^ + X^MM' — > XM (208) 

The commutation of partial compositions follows from the associativity of the product i^. The 
proof of the following proposition is easy, and left to reader. 

Proposition 12. The operad is quadratic if and only if Af is a quadratic monoid. Moreover, 
we have that if M = M{F,R), then = 0{XF,XR + X^FF') and conversely. 

Theorem 8. Let M be a species (of any kind) of the form M = 1 + M+. Then, the species 
^XM and are isomorphic. Moreover, if M is a quadratic monoid, we have the following 

isomorphism of dg-tensor species 

m^T^STu) = ^B^riM) ■ (209) 

Proof. An XM-enriched tree t in ^xm[U] is a rooted tree, where each internal node v G Iv(t) 
is decorated with an element of M+[7r„ - {v'}] = K{v'} M+[7r^ - {v'}] C {XM+)[TTy] = 
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K{f'} (g) M^liTy — {v'}], TT^ standing for the set of sons of v. So, at each internal vertex 
V, a preferred son v' = p{v) is chosen and an element m„ is put on the rest of them (m^ S 
M[7r^ — By starting at the root of t, we can construct a unique path from the root to a 

leaf (the distinguished leaf oi t), by letting the successor of an internal node be its preferred son. 
We shall call this path the main spine of t. For each internal vertex v in the main spine, and for 
each w € TTy — {p{v)}, the descendants of w form a tree in ^xm[Uv']- The XM-enriched tree t 
is then an element of the species X[L,{M) o ^xm][U] (see figure [9]). Since the M-enriched trees 
generates the vector space ^xm[U] for every finite set U, .^XM satisfies the implicit equation 

^XM = X[L(M+) o ^xm]. (210) 

This is the same implicit equation defining the species By the theorem of implicit 

equations for species ([17j, see also straightforwardly extended to this context, we obtain 
the result. As a consequence of that we obtain 

(=^1)^^'^ = -^-XMi. = '^Xi^Mi.) = <(^M«) = ^{MS-r^ ■ (211) 

Equation (1209^ is equivalent to the implicit equation 

^ar(=^M) =X^ar(M)(=!^ar(5M)). (212) 

We rewrite it as follows 

{^^XM^_, d) = X- [(L(^m|), d){{.^^xML, d))] (213) 

where d is as in equation (|2U2|) and d is as in (|1U4|) . By equation (|211|) we only have to prove that 
the differentials match. To that end, choose a Schroder tree t G -^^xMi-W], and assume that 
t has k internal vertices. Order them by indexing the root as last element Vk and the internal 
vertices on the main spine {vi, f2, • • • , Vj} enumerated as follows: vi = p{vk) is he preferred son 
of the root, and Vi+i = p{vi), i = 1, 2, . . . , j — 1 (see figure (flOl) ). Apply the same procedure 
recursively on each subtree attached to the (non-preferred) sons of the vertices on the main spine. 
By the definition of partial composition on small trees (see equation (j208p and figure dHl)) is easy 
to see that the sum defining d{t) restricted to the first j terms (the vertices on the main spine) 
is equal to d applied to m^^ (8) rn^^ (8" • • • C?) rriy. . Denote by vr = {uj+i, Vj^2, ■ ■ ■ ,Vs} = l±Ji=2 ^v^, 
T^vi = T^v^ — {vi+i}, i = 1, . . . , j , the set of sons of the vertices on the main spine that are outside 
of it, and by i^. , the corresponding subtree of the descendants of in t, i = j + 1, j + 2, . . . , s. 
We have 

d{t) = d{my^ (g) 771^,2 (g) • • • vfiy^) ® ®l=j^itvi (214) 

s 

+ ^ imi,^ ® ruv^ <8) • • • (g ruy. (g) (g) • • • (g d{tyj (g • • • (g . (215) 

i=j+i 

Then, we get 

{^^XM^,d)[U] = ^ (L(-M|),d)[7r]0(g)(^^^M£,d)[5]. (216) 

ueu nen[u-{u}] bgtt 

□ 
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Figure 9: The isomorphism ."^XM = ^ • [IL.(M) o ,'^xm\ = ■2^(m+)- 
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Corollary 6. Let M be a quadratic monoid. Then we have 

3rlj = £^M.-. (217) 
Moreover, M is a Koszul monoid if and only if is a Koszul operad. 

Proof. Let G be a dg-tensor species of the form G = 1 + G+. From the properties of the functor 
Ti we have that 

= nx ■ {HG o Hj^g) = X ■ {HG o H^g) , (218) 

hence, H-s/g = -s^HG- 

From equation (I209P and the explicit form for the species of enriched rooted trees (equation 

(EMD), 

H^aii^M) = ^HBMM) (219) 
7^^ar(^M)[^7] = (g) (7^Sar(M)) [t-^n]. (220) 

Then, by the definition of tensor product in the category gVecj^ 

Wm^i{3rM)[U]= ^ i^W-Bsx{M)[t-^u]\. (221) 

From this it follows that H^^slt^^m) = ■^H^^Bax{M)i ^^^d hence equation (j217p . Moreover if 
TiBaiiyM) is concentrated in degree zero, 'H^ai{,9'M) is also. Conversely, if 7i^Ma,v{^M) is 
concentrated in degree zero, by restricting the direct sum in ()22ip to the set ^e\U] of small 
trees, we obtain that for i / 0, X • {WBai{M)) = 0. Then WBar{M) = 0. 

□ 

Corollary 7. The monoid M is Koszul if and only if £/m and are both Koszul operads. 

Proof. By duality according to Fresse (see }l3j . Lemmas 5.2.9. and 5.2.10.), J^./ is a Koszul 
operad if and only if the operad {^jIj)* = {-s/m'-)* = -^m'- is so. The result follows from corollary 
[6] and from the fact that M and M' are simultaneously Koszul. □ 

Observe that if M is generated by a species Fi concentrated in cardinality 1, then 
is generated by XFi, concentrated in cardinality 2. The quadratic dual of £^^f, according to 
Ginzburg-Kapranov [H], is equal to {^^Mi)* A = £/j^f. A. 

We now restate Vallette result (see [38] Theorem 9) , in this context and using our terminology. 

Theorem 9. Let 'i^' be a quadratic c-operad generated by a species concentrated in some 
cardinality k, = 0{Gk,R)- Then, 'rf is Koszul if and only if the Mobius species IS 
Cohen-Macaulay. 

We obtain that, if ^ is as in the previous theorem, then 

Mob^<~^>(x) = (^i)-(a;) (222) 
Ch'^<-^>(x) = (Ch^i)-(x). (223) 
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Figure 10: Graphical representation of the equation Msx^S^m) = X ■ ;Sar(M)(^ar(^f )). 



we have also 

/.(6,{c}) = (-Ij'^dimC^O-N, (224) 
E = (-l)'tr('ri)^H. (225) 

It is easy to check that if M is a c-monoid, the operad s^m is a c-operad. The following 
corollary is trivial from the previous theory. 

Corollary 8. Let M = M.{Fk,R) be a quadratic c-monoid generated by a species concen- 
trated in cardinality k. Then, the following statements are equivalent 

1. The Mobius species is Cohen-Macaulay. 

2. M is Koszul. 

3. The Mobius species ^/^j ^'^ is Cohen-Macaulay. 

4. The operad £/m is Koszul. 

Example 11. By the previous corollaries we obtain the following. 

• Since is a Koszul monoid, the operads ^e, ^a, and £/ = (^)* = Koszul. We 

also have that = {^^)* is Koszul. 
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• The monoid Cosh is Koszul and hence its quadratic dual X]j^o'^T-2i- Then, =;3^osh and 
•s^oshi respectively the species of small trees and rooted trees where each vertex has an 
even number of sons, are Koszul. So are the operads ^Y.°°-oSr^' ' ^'^'^ ^Yf^-aSr^^ ' 

• EoE and E»E are Koszul monoids. The operads S^eoE, ^e»e, -^EoE and £/e»e are Koszul. 

• Since the c— monoids E, E(^f^-^, E(^j^^'joE(^j^^^, -E'(A;^)o£'(a,.2)0-£'(A:3)) • • • > are Koszul, the Mobius 
species £/i ^\ £/i ^\tp ^^^^ „p , . . . , are Cohen-Macaulay. 

Koszulness for associative algebras, and hence for monoids in species, is a property that is 
closed under many operations (see [3]). Segre and Manin product are two among them. So, 
corollaries [6] and [7] give us a wide class of Koszul operads. 
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